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The information of seismic response spectra is key to many problems concerned with
aseismic structure and is also helpful for earthquake disaster relief if it is generated in time
when earthquake happens. While current numerical calculation methods suffer from poor
precision, especially in frequency band near Nyquist frequency, we present a set of
improved parameters for precision improvement. It is shown that precision of displace-
ment and velocity response spectra are both further improved compared to current nu-
merical algorithms. A uniform fitting formula is given for computing these parameters for
damping ratio range of 0.01e0.9, quite convenient for practical application.
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Seismic response spectra contain not only characteristic of
seismic spectra but also information ofmaximum response of
simple structure for earthquake movement. These informa-
tion are key to many problems concerned with aseismic
structure and is also helpful for earthquake disaster relief if
they are generated in time when the earthquake occurs.
Seismic response spectra can be calculated using accelero-
graph record in frequency or time domain. While the formerarthquake Warning of H
.
ute of Seismology, China
er on behalf of KeAi
na Earthquake Administr
ss article under the CC BYcan be done only when the whole seismic event record is
available, the latter can be real-time in recursive way. Earth-
quake warning and earthquake intensity rapid report system
is emphasized nowadays to minimize earthquake disaster
where a large amount of earthquake intensity meters based
on MEMS accelerator are usually set up due to their low cost
and easy installation. The amount of data is then so large that
it is difficult for computers in center to process all of them to
get real-time result. The earthquake intensity meter is
required to produce necessary outcomes such as seismicubei Province, Institute of Seismology, China Earthquake Admin-
Earthquake Administration.
ation, etc. Production and hosting by Elsevier B.V. on behalf of KeAi
-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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using time domain methods. There are several methods pre-
sented nowadays such as center differencemethod, Newmark
method [1], Z-transformation method [2] and Duhamel step-
by-step integration method [3e5]. As stated by Ma Qiang
et al. [6] and Jing Xing et al. [7], these methods still suffer
from poor precision and they present an improved method
(see next section in detail). We find that further
improvement is possible after examining these methods and
present another set of improved parameters to get better
precision than current main numerical algorithms.
2. Precision of current main numerical
algorithms
Seismic response spectra are defined as maximum
response of single degree of freedom (SDOF) system for
earthquake acceleration input:
€xþ 2hu0 _xþ u20 ¼ a (1)
where h is damping ratio, u0 is natural angular frequency, a is
earthquake acceleration and x is response displacement for
earthquake acceleration input.
The transfer function of response displacement, velocity
and acceleration relative to earthquake acceleration are
respectively given by equations (2)e(4):
Hpðu;h;u0Þ ¼ 1u2 þ 2ihu0uþ u20
(2)
Hvðu;h;u0Þ ¼ iuu2 þ 2ihu0uþ u20
(3)
Haðu;h;u0Þ ¼ u
2
u2 þ 2ihu0uþ u20
(4)
The response spectra of displacement, velocity and ac-
celeration can be calculated through multiplying spectra of
earthquake acceleration by these transfer functions in fre-
quency domain when the spectra of earthquake accelera-
tion are known. This is precise but can be done only when
the whole record of earthquake event is available and is not
real-time. There are many time-domain algorithms such
as center difference method, Newmark method [1], Z-
transform method [2] and Duhamel step-by-step
integration method [3e5], Jin Xing et al. [7] has compared
these methods in detail and finally recommended the
following algorithm (subscript j denotes No. j sample or
computed value) and made a further study on it in another
reference [8]:
xj ¼ b1xj1 þ b2xj2  S0ðDtÞ2

daj þ ð1 2dÞaj1 þ daj2

(5)
_xj ¼ b1 _xj1 þ b2 _xj2  S0Dt

0:5aj  0:5aj2

(6)
€xj ¼ b1€xj1 þ b2€xj2  S0

aj  2aj1 þ aj2

(7)
where,
b1 ¼ 2ehu0Dt cosðudDtÞ (8)
b2 ¼ e2hu0Dt (9)S0 ¼ ð1 b1  b2Þ
.
ðu0DtÞ2 (10)
ud ¼ u0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h2
p
(11)
and Dt is time interval of sampling.
d in equation (5) is given by the following equation as Ma
Qiang et al. [6]:
d ¼ d1 þ d2ðDt=T0Þ þ d3ðDt=T0Þ2 þ d4ðDt=T0Þ3 (12)
where T0 is natural period.When the range of damping ratio is
0.01e0.1, the coefficients d1ed4 are fitted by
d1 ¼ 0:09108 (13)
d2 ¼ 0:01945 0:04679h (14)
d3 ¼ 0:00989þ 0:38022h (15)
d4 ¼ 0:50617 0:97476h (16)
When the values of damping ratio are 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8 and 0.9, the coefficients d1ed4 are listed in a table in
reference [6].
Because the precision of equation (6) is not so good, Jin Xing
et al. [9] presented the following improved equation:
_xj1=2 ¼ b1 _xj3=2 þ b2 _xj5=2  S0Dt

daj þ ð1 3dÞaj1  ð1 3dÞaj2
 daj3

(17)where d is the same as in equation (12).
We call the method presented by Jing Xing et al. in refer-
ences [7,9] as Jing Xing method for convenience in this paper.
The relative error of response amplitude spectra of displace-
ment, velocity and acceleration are calculated and shown in
Fig. 1 using the above methods when sample rate is 100 Hz,
damping ratio 0.05, natural period 0.3 s and frequency band
0.01e50 Hz. It is clear that the errors of acceleration
response spectra are less than 5% and the precision of
Duhamel method and Jing Xing method are relatively better.
But the errors of velocity and displacement response spectra
increase with frequency and become poor in high frequency
band except Jing Xing method. Among all of the above
methods, the precision of Jin Xing method is actually
improved but is still poorer than 5% in 40e50 Hz for velocity
and displacement response spectra.3. Improved algorithm
The error of velocity response spectra of Jin Xingmethod is
poorer than that of displacement response spectra because
they use the same value of d to optimize displacement
recursive equation (equation (5)) and velocity recursive
equation (equation (17)) which may not perform well in
response velocity calculation. We use different d (dp and dv)
for displacement and velocity recursive equation as:
xj ¼ b1xj1 þ b2xj2  S0ðDtÞ2

dpaj þ

1 2dp

aj1 þ dpaj2

(18)
_xj1=2 ¼ b1 _xj3=2 þ b2 _xj5=2  S0Dt

dvaj þ ð1 3dvÞaj1
 ð1 3dvÞaj2  dvaj3

(19)
Fig. 1 e Relative error of acceleration (top), velocity (middle) and displacement (bottom) response amplitude spectra of each
numerical method (1 e center differential method, 2 e Newmarkmethod, 3 e Z transformationmethod, 4 e Duhamel method,
5 e Jing Xing method).
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(19) are as the following:
Hp

u;h;u0; dp;Dt
 ¼ S0ðDtÞ
2
dp þ

1 2dp

eiuDt þ dpe2iuDt

1 b1eiuDt  b2e2iuDt
(20)
Hvðu;h;u0; dv;DtÞ ¼
S0DteiuDt=2

dv þ ð1 3dvÞeiuDt  ð1 3dvÞe2iuDt  dve3iuDt

1 b1eiuDt  b2e2iuDt
(21)
The reference [2] used the following two kinds of objective
function (subscript x denotes p and v) and minimized them to
estimate dp in equation (20) and finally adopted those
estimated by minimizing Q2(dp) in equations (12)e(16). But
neither reference [2] nor [3] estimated dv in equation (21) and
just took dp as dv directly. equations (22) and (23) are called
amplitude ratio difference and amplitude difference
objective function respectively in this paper.
Q1ðdxÞ ¼
XM
k¼1
½jHxðu;h;u0; dx;DtÞj=jHxðu;h;u0Þj  12 (22)
Q2ðdxÞ ¼
XM
k¼1
½jHxðu;h;u0; dx;DtÞj  jHxðu;h;u0Þj2 (23)
We estimate dp and dv (Fig. 2 and Fig. 3) using the above two
kinds of objective function under different Dt/T0 when samplerate is 100 Hz, damping ratio 0.05 and frequency band
0.01e50 Hz. It is shown that dp and dv can be fitted well using
cubicpolynomialasequation (12)but theyaredifferent invalue.
dp and dv are estimated using amplitude ratio objective
function for damping ratio range of 0.01e0.9 when sample rate
is 100 Hz, Dt/T0 0.0005e0.5 and frequency band 0.01e50 Hz. dp
and dv are then fitted by cubic polynomial to retrieve co-
efficients d1ed4 (Fig. 4 and Fig. 5). It is clear that the relation
between coefficients and damping ratio is curvilinear and
can't be fitted linearly as by equations (13)e(16) in the whole
rangeofdampingratio.Wealsofit thembycubicpolynomialas:
dp ¼ p11 þ p21ðDt=T0Þ þ p31ðDt=T0Þ2 þ p41ðDt=T0Þ3 (24)
where
p11 ¼ 0:125752þ 0:004062h 0:009496h2 þ 0:005878h3 (25)
p21 ¼ 0:039035 0:437664hþ 0:94843h2  0:560009h3 (26)
p31 ¼ 0:154256þ 4:547603h 9:761147h2 þ 5:188492h3 (27)
p41 ¼ 1:140686 10:375289hþ 17:812632h2  8:501524h3 (28)
and
dv ¼ v11 þ v21ðDt=T0Þ þ v31ðDt=T0Þ2 þ v41ðDt=T0Þ3 (29)
where
Fig. 2 e Estimated dp and dv from amplitude ratio difference objective function and their fitted value (Dt ¼ 0.01s, h ¼ 0.05).
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v21 ¼ 0:063579 0:673495hþ 1:429787h2  0:841076h3 (31)
v31 ¼ 0:364254þ 6:953304h 14:6465h2 þ 7:896027h3 (32)
v41 ¼ 1:867253 15:742562hþ 27:397305h2  13:546559h3 (33)
The results estimated from amplitude difference objective
function under the same condition are (Fig. 6 and Fig. 7):
dp ¼ p12 þ p22ðDt=T0Þ þ p32ðDt=T0Þ2 þ p42ðDt=T0Þ3 (34)
where
p12 ¼ 0:083639þ 0:023369h 0:038301h2 þ 0:021255h3 (35)Fig. 3 e Estimated dp and dv from amplitude difference objectp22 ¼ 0:034237 0:398057hþ 1:375266h2  0:854475h3 (36)
p32 ¼ 0:149895þ 6:069665h 14:030598h2 þ 7:582311h3 (37)
p42 ¼ 1:539303 13:666344hþ 24:354792h2  11:830853h3 (38)
and
dv ¼ v12 þ v22ðDt=T0Þ þ v32ðDt=T0Þ2 þ v42ðDt=T0Þ3 (39)
where
v12 ¼ 0:060059þ 0:0067h 0:017848h2 þ 0:011523h3 (40)
v22 ¼ 0:114004 0:03304hþ 0:478148h2  0:280136h3 (41)ive function and their fitted value (Dt ¼ 0.01s, h ¼ 0.05).
Fig. 5 e Estimated coefficients of dv from amplitude ratio difference objective function and their fitted value by cubic
polynomial (solid line denote estimated value and dark dot denote fitted value).
Fig. 4 e Estimated coefficients of dp from amplitude ratio difference objective function and their fitted value by cubic
polynomial (solid line denote estimated value and dark dot denote fitted value).
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Fig. 6 e Estimated coefficients of dp from amplitude difference objective function and their fitted value by cubic polynomial
(solid line denote estimated value and dark dot denote fitted value).
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v42 ¼ 2:028537 16:609276hþ 26:386435h2  11:648005h3 (43)
4. Performance of improved algorithm
Fig. 8 compares the relative error of velocity and
displacement response amplitude spectra calculated by our
two kinds of method and Jin Xing method when sample rate is
100 Hz, damping ratio 0.05, natural period 0.3 s and frequency
band 0.01e50 Hz. It shows that our two methods are better
than Jin Xing method for velocity response spectra and the
amplitude difference objective function based method is
basically consistent with Jin Xing method for displacement
response spectra. The amplitude ratio difference objective
function based method is consistent with amplitude
difference objective function based method in 0.01e10 Hz but
is poorer in 10e40 Hz (still less than 10%) and better in
40e50 Hz both for velocity and displacement response spectra.
It can be seen that the optimized d for response displace-
ment may be not optimal for response velocity. An improved
precision is achieved by taking d for response displacement
and response velocity different. We also give uniform fitting
formula for d for damping ratio of 0.01e0.9, which is quite
convenient for practical application.We suggest to use the amplitude ratio difference objec-
tive function based method to calculate velocity and
displacement response spectra to ensure a precision better
than 10% if record data contains large components near
Nyquist frequency. While the amplitude difference objective
function based method is recommended to use when these
components are filtered out through FIR digital filter as in
general case.
References [6e9] have provided examples for response
phase spectra and earthquake event, so we don't repeat here
for limited papers. Conclusion is almost the same with other
sample rate although our discussion is based on 100 Hz.5. Discussion and conclusions
The information of seismic response spectra is key to
many problems concerned with aseismic structure and is also
helpful for earthquake disaster relief if it is generated in time
when earthquake happens. Numerical recursive method in
time domain is the only choice when real time calculation is
demanded. There are several such methods presented but
they suffer from poorer precision compared with frequency-
domainmethod and are still studied for further improvement.
We find that further improvement is still possible after
examining these methods and present another set of
improved parameters to get a better precision. Further
Fig. 7 e Estimated coefficients of dv from amplitude difference objective function and their fitted value by cubic polynomial
(solid line denote estimated value and dark dot denote fitted value).
Fig. 8 e Comparison of relative error of velocity (top) and displacement (bottom) response amplitude spectra (1 e Jin Xing
method, 2 e our amplitude ratio difference objective function basedmethod, 3 e our amplitude difference objective function
based method).
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